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Motivated by the successful idea of using weakly-coupled quantum electronic wires to realize
the quantum Hall effects and the quantum spin Hall effects, we theoretically construct two systems
composed of weakly-coupled quantum spin chains, which can exhibit spin analogues of superconduc-
tivity and the integer quantum Hall effect. Specifically, a certain bilayer of two arrays of interacting
spin chains is mapped, via the Jordan-Wigner transformation, to a negative-U Hubbard model that
exhibits superconductivity. In addition, an array of spin-orbit-coupled spin chains in the presence
of an suitable external magnetic field is transformed to an array of quantum wires that exhibits the
integer quantum Hall effect. The resultant spin superconductivity and spin integer quantum Hall
effect can be characterized by their ability to transport spin without any resistance.
PACS numbers: 85.75.-d, 75.76.+j, 74.20.-z, 73.43.-f
Introduction.—In a metal under normal conditions, an
electric current flows in the presence of a finite resis-
tance engendered by, e.g., scattering with impurities.
The lost electrical energy due to the resistance is dis-
sipated into heat, which is referred to as Joule heating
that opposes the efficient use of the energy. There are,
however, two physical phenomena under special condi-
tions that allow an electric current to flow without any
resistance. The one is superconductivity occurring at
low temperatures [1]. Its first microscopic theory was
given in 1957 by Bardeen, Cooper, and Schrieffer [2],
who showed that superconductivity can be understood
as a property of macroscopic quantum wavefunction of
condensed pairs of electrons subsequently termed Cooper
pairs. The other is the set of quantum Hall effects ex-
hibited in two-dimensional systems at low temperatures
and strong magnetic fields [3]. The integer quantum Hall
effect is the first of such that was discovered in 1980 by
Klitzing et al. [4]. It occurs when the number of electrons
per unit magnetic flux takes an integer value ν, leading
to the situation in which the bulk is gapped, but the edge
supports ν gapless modes with no resistance.
Spintronics aims at harnessing the spin degrees of free-
dom to advance from conventional charge-based electron-
ics [5]. In particular, magnetic insulators that are free
from Joule heating have been gaining attention in the
field owing to their potential advantage of low-energy
consumption. An efficient spin transport in such mag-
netic insulators is one of the important topics in spin-
tronics, and researchers have been investigating possi-
ble ways to achieve it by borrowing some ideas from
the aforementioned phenomena of dissipationless charge
transport. For example, a spin-analogue of an electric
supercurrent supported in easy-plane magnets has been
theoretically investigated [6], which is shown to decay
algebraically as a function of the distance from the spin-
injection point contrary to an exponential decay of a dif-
fusive spin current. Spin analogues of the integer and
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FIG. 1. Schematic of a bilayer of two arrays of weakly-coupled
spin chains (shown as the solid lines indexed by m), each
of which can be represented by a one-dimensional system of
(spinless) Jordan-Wigner fermions. The top and bottom layer
indices serve as the pseudospin up and down for the fermions,
respectively. The green box represents a pseudospin-singlet
Cooper pair of two fermions established by an Ising interlayer
interaction.
fractional quantum Hall phases have also been put for-
ward in the studies of spin liquids [7, 8] and topological
magnon insulators [9].
In this Letter, we theoretically construct two spin sys-
tems, which can exhibit spin analogues of superconduc-
tivity and the integer quantum Hall effect, by using
weakly-coupled quantum spin chains. Our work is mo-
tivated by the successful theoretical realizations of the
quantum Hall phases and the quantum spin Hall phases
in an array of quantum electronic wires [10, 11]. Specifi-
cally, first, we show that an Ising-coupled bilayer of two
arrays of weakly-coupled quantum XX spin chains can be
mapped to a negative-U Hubbard model for electrons by
the Jordan-Wigner (JW) transformation [12, 13] within
a mean-field treatment of the interchain coupling. Since
the particle current in the JW representation corresponds
to the spin current polarized along the z axis, the estab-
lished charge superconductivity of the negative-U Hub-
bard model [14] naturally translates into spin supercon-
ductivity of our original spin system. See Fig. 1 for an
illustration of the system. Secondly, we show that an
array of weakly-coupled quantum XX spin chains with
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FIG. 2. (a) Schematic of an array of spin-orbit-coupled spin-
1/2 spin chains, which can support chiral edge modes of the
Jordan-Wigner fermions. The coupling of four spins (colored
by yellow) illustrates the interchain interaction O [Eq. (2)].
(b) A schematic plot showing how the interchain interaction
gives rise to chiral edge modes with the gapped bulk. At the
external magnetic field h corresponding to the filling factor
ν = 1, the JW fermion can flow in the left direction on the
top chain (colored by blue) and in the right direction on the
bottom chain (colored by red) in (a), which are represented
by the left blue and right red dots in (b), respectively. The
particle current in the JW representation corresponds to the
spin current polarized along the z axis.
Dzyaloshinskii-Moriya (DM) intrachain interaction can
be transformed to an array of quantum electronic wires
subjected to an external magnetic field by the same ap-
proach taken for spin superconductivity. The integer
quantum Hall effect of the latter electronic system [11]
then translates into its spin analogue of the former spin
system. See Fig. 2(a) for an illustration of the system.
The only nontrivial analytical effort in this work, besides
performing the JW transformation, is the mean-field cal-
culation of the interchain hopping terms.
Main results.—Our main results can be summarized
as follows. First, for spin superconductivity, we consider
the following spin Hamiltonian for two layers of weakly-
coupled M spin-1/2 chains of length N :
Hsc =J
∑
n,m,α
σ‖n,m,α · σ‖n+1,m,α
−H
∑
n,m,α
σzn,m,α − U
∑
n,m
σzn,m,↑σ
z
n,m,↓
−K
∑
n,m,α
[On,m,α + H.c.] ,
(1)
with
On,m,α = σ+n,m,ασ+n+1,m,ασ−n,m+1,ασ−n+1,m+1,α , (2)
where the integers m and n are the indices for a spin
chain within a layer and a spin within a chain, respec-
tively, and α =↑, ↓ indexes the layer which will serve
as the pseudospin of the JW fermions. A spin is rep-
resented by the three-dimensional Pauli matrices σ; the
symbol ‖ denotes the projection of the vector onto the xy
plane; σ± ≡ (σx ± iσy)/2. Here, the first term describes
the quantum antiferromagnetic XX spin-1/2 chains with
J > 0 [15]; the second term is the Zeeman energy; the
third term is the ferromagnetic Ising interaction between
the two layers; the last term represents a weak four-spin
interaction with 0 < K  J , which, in the JW represen-
tation, can engender the interchain tunneling and thereby
make each layer an effective two-dimensional fermionic
gas. Interchain interactions involving only two spins such
as the Heisenberg XX exchange ∝ σ‖n,m · σ‖n,m+1 would
also appear as tunneling between two chains. They, how-
ever, introduce nonlocal terms after the JW transforma-
tion, making it difficult to treat the interchain interac-
tion [16]. Our goal, instead, is to construct simple spin
systems that can be viewed as weakly-interacting simple
fermionic wires. Therefore, by coupling neighboring spin
chains by the four-spin interaction, we retain its locality
after the JW transformation. The spin Hamiltonian Hsc
respects the spin-rotational symmetry about the z axis,
and thus the total spin projected onto the same axis is
conserved.
The spin Hamiltonian Hsc can be transformed into
the Hamiltonian for the spinless fermions by the
multi-dimensional JW transformation [13]: fn,m,α =
σ−n,m,α
(∏
l<n σ
z
l,m,α
)(∏
(k,β)<(m,α) τ
y
k,β
)
τxm,α , and the
analogous expression for f†n,m,α with σ
− substituted by
σ+, where the auxiliary Pauli-matrix vector, τm,α, is in-
troduced for each spin chain to make the fermion opera-
tors on different chains anticommute [17]. The interchain
interaction yields a quartic term in the fermion operators,
and thus we take the mean-field approach to study its ef-
fect. We will show that the resultant mean-field Hamil-
tonian is given by the attractive Hubbard model [14]:
H¯sc =− tx
∑
n,m,α
[
f†n,m,αfn+1,m,α + H.c.
]
− ty
∑
n,m,α
[
f†n,m,αfn,m+1,α + H.c.
]
− µ
∑
n,m,α
nn,m,α − u
∑
n,m
nn,m,↑nn,m,↓ ,
(3)
where nn,m,α = f
†
n,m,αfn,m,α is the fermion-number op-
erator, tx = 2J, ty = 2Kχ,µ = 2H − 2U , and u = 4U .
Here, χ ≡ 〈∑n,m,α f†n,m,αfn,m+1,α〉/2NM is the mean
field for the interchain tunneling [18]. By H¯, we will de-
note the Hamiltonians in the JW representation through-
out. When the Fermi energy lies close to the bottom
of the band for a single chain, µ = −2tx + δµ with
|δµ|  K, the interchain tunneling amplitude is given by
χ ≈ K/25tx. From the results known for the attractive
Hubbard model [14], we can conclude that the ground
state of the Hamiltonian H¯sc away from the half-filling is
in the superconducting phase composed of pseudospin-
singlet Cooper pairs of the JW fermions, which should
exhibit a spin-analogue of charge superconductivity [19].
Second, for a spin analogue of the integer quantum
3Hall effect, we take the following spin Hamiltonian:
Hqh =J
∑
n,m
cos(mφ)σ‖n,m · σ‖n+1,m
+ J
∑
n,m
sin(mφ) zˆ · σn,m × σn+1,m
−H
∑
n,m
σzn,m −K
∑
n,m
[On,m + H.c.] ,
(4)
where the four-spin interaction On,m is given by Eq. (2)
with α removed. Here, the first two terms describe
the antiferromagnetic Heisenberg XY spin chains with
the DM interaction; the third term is the Zeeman cou-
pling; the last term is the weak interchain interaction,
0 < K  J . See Fig. 2(a) for an illustration of the
system. The DM interaction can exist if the reflection
symmetry with respect to the xz plane is broken; the
Hamiltonian respects the reflection symmetries through
the xy and yz planes. The chain-dependent exchange
coefficients can be realized by controlling the extent of
the reflection-symmetry breaking associated with the DM
interaction. We focus on the weak DM interactions,
0 < φJ  K, comparing to the interchain coupling [20].
By employing the JW transformation [13] and taking
the mean-field approach for the interchain interaction,
as shown below, we obtain the following tight-binding
Hamiltonian:
H¯qh =− tx
∑
n,m
[
eimφf†n,mfn+1,m + H.c.
]
− ty
∑
n,m
[
f†n,mfn,m+1 + H.c.
]
− µ
∑
n,m
nn,m ,
(5)
which describes an array of quantum electronic wires in
the presence of an external magnetic field ∝ φ. The
parameters are given by tx = 2J, ty = 2Kχ, and µ = 2H
with the mean-field interchain tunneling χ. The integer
quantum Hall effect at the filling factor ν = 1 arises
when the Fermi energy is close to the crossing point of
the two bands of adjacent chains, µ = −tx(2 + φ2) + δµ
with |δµ|  tx. The self-consistent solution is then given
by χ ≈ K/25tx. The integer quantum Hall effects at
higher filling factors ν can be analogously obtained in the
νth order of the perturbative treatment of the interchain
interaction [11].
The Hamiltonian H¯qh has been shown to exhibit the
integer quantum Hall effect [10, 11]. Let us briefly explain
how the integer quantum Hall effects arise in the model
for an example of filling factor ν = 1. See Fig. 2(b) for the
JW fermion bands of spin chains and the gap openings
by the interchain tunneling. When the Fermi energy µ
lies in the bulk gap, there are one gapless mode in the top
chain (m = 1 in the figure) and the other in the bottom
chain (m = 3 in the figure). The two modes propagate
in the opposite directions, and thus engender one chiral
edge mode together. The integer quantum Hall effect
at higher filling factors ν supports ν chiral edge modes
by an analogous mechanism [11]. The state we obtained
is different from the conventional quantum Hall phase
in that the transported quantity is spin, not charge; it
is also distinct from the traditional quantum spin Hall
phase [21] in that the resultant spin transport does not
accompany any charge transport.
Although, to the best of our knowledge, there is no
physical system that can realize our proposal, let us make
some comments about experimental realizations. First,
spin-1/2 chain systems Cs2CoCl4 [22] and PrCl3 [23] are
known to be well described by the isotropic Heisenberg
XX model. Secondly, the DM interaction in a single
chain can be induced by breaking the reflection symme-
try through the xz plane, which can be, in principle, re-
alized by attaching a one-dimensional nonmagnetic ma-
terial next to the spin chain. The gradient in the DM in-
teraction can be engendered by modulating the distance
between the nonmagnetic material and the spin chain.
Lastly, the four-spin exchange interaction can arise as the
fourth-order term in the strong-coupling expansion of the
half-filled Hubbard model or due to the spin-lattice cou-
pling, and its magnitude can be comparable to two-spin
Heisenberg exchange in certain materials [24, 25].
Spin superconductivity.—We explain how we obtained
the mean-field values for the interchain tunneling am-
plitude for the case of spin superconductivity. To
analyze the effects of the quartic fermion operator
f†n,m,αf
†
n+1,m,αfn,m+1,αfn+1,m+1,α mapped from On,m,α
[Eq. (2)], we employ the Hartree-Fock decoupling [26].
There are two potentially relevant mean-field order pa-
rameters [27]. One is an interchain-tunneling amplitude,
χ =
1
2NM
∑
n,m,α
〈f†n,m,αfn,m+1,α〉 . (6)
The other is an intrachain Cooper-pairing amplitude,
∆ =
1
2NM
∑
n,m,α
〈fn,m,αfn+1,m,α〉 . (7)
The mean-field Hamiltonian for a single layer is given by
H¯α =− tx
∑
n,m
[
f†n,m,αfn+1,m,α + H.c.
]
− 2K
∑
n,m
[
χf†n,m,αfn,m+1,α + H.c.
]
− 2K
∑
n,m
[
∆f†n,m,αf
†
n+1,m,α + H.c.
]
− µ
∑
n,m
nn,m,α ,
(8)
up to an additive constant, in the limit of zero interlayer
coupling U → 0. Assuming the periodic boundary con-
4ditions, the self-consistency equations for the two mean-
field order parameters χ and ∆ in the momentum space
are given by
∆ =
1
NM
∑
k
2K∆ sin2 kx√
(k)2 + |∆(k)|2 , (9)
χ =
1
NM
∑
k
cos ky
2
(
1− (k)√
(k)2 + |∆(k)|2
)
,(10)
where (k) = −2tx cos kx − 4Kχ cos ky − µ and ∆(k) =
4iK∆ sin kx. Here, the spatial coordinates x and y are
the continuum analogues of n and m. Since the coef-
ficient for the interchain interaction is assumed to be
positive, K > 0, the Cooper-pairing amplitude vanishes,
∆ = 0. To compute the self-consistent solution for χ ana-
lytically, we assume that the effective chemical potential
is closed to the bottom of the band for a single chain,
µ = −2tx + δµ with |δµ|  K, and use a parabolic band
approximation for the dispersion (k) around the origin.
We then obtain
χ =
(∫ pi/2
0
dky cos
3/2 ky
)2
4K
pi4tx
+ O
(
δµ
K
)
, (11)
which can be approximated to χ ≈ K/25tx. With the
finite χα = χ and vanishing ∆α = 0, the mean-field
Hamiltonian H¯α (8) for a single layer describes a two-
dimensional spinless fermion gas.
Spin integer quantum Hall effect.—Next, we explain
the derivation of the mean-field results for the case of spin
integer quantum Hall effect. Since the gradient of spin-
orbit coupling breaks the translational symmetry of the
system along the y axis, it is difficult to obtain an analyt-
ical mean-field solution χ for arbitrary M . Instead, let us
consider a special case of two weakly-coupled spin chains,
which is described by Hqh [Eq. (4)] with m = ±1. Two
possible order parameters pertain to the interchain tun-
neling, χ =
∑
n〈f†n,1fn,−1〉/N , and the Cooper pairing,
∆ =
∑
n,m=±1〈fn,mfn+1,m〉/2N . The mean-field Hamil-
tonian for the JW fermions in the momentum space is
given by
H¯ =
∑
k,m=±1
[
(−2tx cos(k +mφ)− µ)f†k,mfk,m
]
− 2K
∑
k
[
χf†k,1fk,−1 + H.c.
]
− 2K
∑
k,m=±1
[
∆eikf†k,mf
†
−k,m + H.c.
]
.
(12)
We will assume that two phases with finite χ and ∆ are
mutually exclusive, and will treat them separately. For
K > 0, which is assumed throughout the Letter, the self-
consistency equation yields a vanishing Cooper-pairing
amplitude, ∆ = 0, as in the case of spin superconductiv-
ity. With ∆ = 0, the band structure of the Hamiltonian is
±(k) = txk2 − δµ± 2
√
(txφk)2 + (Kχ)2 for |k|, |φ|  1,
where µ = −tx(2+φ2)+δµ. When the effective Fermi en-
ergy is at the band-crossing point, δµ = 0, the analytical
solution to the self-consistency equation for χ is given
by χ ' K/2pi2tx, which agrees well with χ ≈ K/25tx
[Eq. (11)] obtained for the M → ∞ case. The finite in-
terchain tunneling χ > 0 opens up the gap at the crossing
point of the two bands of chains. See Fig. 2(b) for illus-
trations of the gap openings.
Discussion.—We have theoretically constructed the
two models of an array of weakly-coupled spin chains,
which can exhibit spin analogues of charge superconduc-
tivity and the integer quantum Hall effect. To drive spin
current through those systems, we can apply an external-
magnetic-field gradient, which acts as an electric field on
the JW fermions [8]. We can also attach the spin system
to heavy metals such as platinum, which can directly
inject a spin current to proximate magnets via spin Hall
effects [28]. Reciprocally, a spin current out of the system
can be measured via inverse spin Hall effects by putting
it next to heavy metals. Spin superconductivity and spin
integer quantum Hall effects can be characterized by the
zero resistance in spin flow through the bulk and along
the boundary, respectively, when neglecting spin dissi-
pation due to, e.g., thermal fluctuations or spin-lattice
coupling.
From the results obtained for quantum spin chains, we
expect that an array of weakly-coupled classical Heisen-
berg spin chains (that are composed of large spins) with
the DM interaction in the presence of a strong external
magnetic field would support the magnonic chiral edge
modes by forming a topological magnon insulator [9]
under suitable conditions. More broadly, we envision
that weakly-coupled one-dimensional magnetic materials
would serve as a versatile platform to engineer various
spin-related topological phases.
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